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All physical systems are to some extent open and interacting with their environment. This insight, basic as
it may seem, gives rise to the necessity of protecting quantum systems from decoherence in quantum technolo-
gies and is at the heart of the emergence of classical properties in quantum physics. The precise decoherence
mechanisms, however, are often unknown for a given system. In this work, we make use of an opto-mechanical
resonator to obtain key information about spectral densities of its condensed-matter heat bath. In sharp contrast
to what is commonly assumed in high-temperature quantum Brownian motion describing the dynamics of the
mechanical degree of freedom, based on a statistical analysis of the emitted light, it is shown that this spec-
tral density is highly non-Ohmic, reflected by non-Markovian dynamics, which we quantify. We conclude by
elaborating on further applications of opto-mechanical systems in open system identification.
I. INTRODUCTION
At the heart of understanding the emergence of a classical
world from quantum theory is the insight that all macroscopic
quantum systems are to some extent coupled to an environ-
ment and hence are open systems [1–4]. The associated loss
of quantum coherence, i.e. decoherence, is also detrimental
for quantum information processing applications. In contrast,
properly engineered quantum noise can counteract decoher-
ence and can even be used in robust quantum state genera-
tion [5–7]. To exploit the detailed dynamics of a quantum sys-
tem it is therefore crucial to obtain both good knowledge and
control over its environment [8–10]. An explicit modelling of
the environment, however, may often not be possible. In this
case, simplifying assumptions concerning the nature of the
underlying quantum noise are being made that do not neces-
sarily hold for real devices. Micro- and nano-mechanical res-
onators constitute prominent examples. They are now emerg-
ing as promising devices for quantum science [11–17]. Be-
cause of their complex solid-state nature, the properties of
their intrinsic decoherence mechanisms have been the subject
of intense research for decades [18, 19].
In this work, we present a method to reconstruct the rele-
vant properties of the environment, that is, its spectral density,
of the centre of mass motion of a micro-mechanical oscilla-
tor. We observe a clear signature of non-Markovian Brownian
motion, which is in contrast to the current paradigm to treat
the thermal environment of mechanical quantum resonators as
fully Markovian. The presented technique, inspired by meth-
ods of system identification, can easily be transferred to other
harmonic systems that are embedded in a complex environ-
ment, for example electronic or nuclear spin states in a solid
state matrix [20, 21]. Our results also open up a route for me-
chanical quantum state engineering via coupling to unortho-
dox reservoirs.
II. RESULTS
A. Open quantum systems
To understand the role of the environment on a (quantum)
mechanical system let us first consider an isolated harmonic
oscillator of bare frequency Ω and mass m. In the absence
of any coupling its centre of mass coordinate q will undergo
undamped harmonic motion. In any real physical situation,
however, the macroscopic degree of freedom of interest – here
the centre of mass – will be coupled to some extent to a ther-
mal bath of some temperature. Irrespective of the underlying
microscopic mechanism, e.g., phonon scattering in mechan-
ical systems [22] or electronic interactions in superconduc-
tors [23], one can usually very well approximate the inter-
action with the thermal environment as a linear coupling to
a bath of harmonic bosonic modes [24]. This is particularly
true for high temperatures where finite bath degrees of free-
dom no longer significantly contribute. Such an interaction is
described by
Hint = q
∑
n
cnqn (1)
where qn and cn are the position and coupling strength of the
nth bath mode of mass mn and frequency ωn, respectively.
The dynamics of the system is fully determined by the spectral
density of the thermal bath,
I(ω) =
∑
n
c2n
2mnωn
δ(ω − ωn), (2)
which governs how strongly the oscillator is coupled to spe-
cific modes of the environment. This spectral density directly
determines the temporal correlations of the thermal driving
force. As a consequence, the centre of mass experiences a
quite drastic change in its motion: it becomes damped, in
general in a rather intricate fashion, and is shifted in its fre-
quency. This quantum Brownian motion [25, 26] is one of
the most paradigmatic models of decoherence in quantum the-
ory [1, 2, 27, 28]. It is this generic model for an unknown
arbitrary spectral density that is the basis for our analysis.
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2All current theoretical studies on micro- and nano-
mechanical quantum systems make the explicit or implicit as-
sumption that the decohering quantum dynamics is Marko-
vian: This means that the open systems dynamics is forgetful
[29–32]. In this case the two-point correlation function of the
thermal force equals kBTδ(t−t′) and is hence uncorrelated in
time. For a weakly damped mode at high temperatures (and
in contrast to the situation in spin-Bose models [33]), such
Markovian quantum dynamics is found for an Ohmic spectral
density
I(ω) ∝ ω (3)
over large frequency ranges. For such damped harmonic sys-
tems in the high temperature limit, spectral densities other
than Ohmic ones lead to deviations from Markovian evolu-
tions. This is a widely known expectation [26, 27, 34]. In this
work we precisely link properties of spectral densities with a
quantitative measure of non-Markovianity.
In many solid-state systems the Markov approximation has
been found to be both theoretically plausible and experimen-
tally valid to extraordinarily high precision [3]. Various loss
mechanisms in mechanical resonators, however, are known to
exhibit a strong frequency dependence [18, 22], which chal-
lenges the general validity of this approximation even for sim-
ple mechanical quantum devices. We introduce a straight-
forward test to directly characterise the spectral properties
of the environment in the vicinity of the mechanical mode.
Because of the complex solid-state architecture of these res-
onators, computing the spectral density from first principles
seems a tedious if not impossible task, with the exception of
well isolated loss mechanisms. Instead of making a priori as-
sumptions about the dynamics, our approach is rather in the
spirit of open system identification: we measure the proper-
ties that give rise to a quantitative estimate on the Markovian
nature of the dynamics.
B. Experimental set-up
Our approach relies on monitoring the mechanical motion
with high sensitivity. We achieve this by weakly coupling
the mechanics to an optical cavity field whose phase response
encodes the mechanical motion [35]. We then make use of
the fact that the shape of the bath spectral density affects the
amplitude response of the mechanical resonator upon thermal
driving. Specifically, the experimentally accessible spectrum
of the cavity output light for high temperatures is given by
SδY out(ω) ≈ c I(ω)
ω ((Ω(∞)2 − ω2)2 + (γ(∞)ω)2) , (4)
for a suitable constant c > 0 (for details, see note 2 of the
supplementary material). Here, δY out is the optical phase
quadrature, which can be made a direct measure of the me-
chanical position quadrature q and which is obtained by op-
tical homodyne readout, Ω(∞) is the renormalised mechani-
cal frequency, and γ(∞) is the effective asymptotic mechani-
cal damping constant. The opto-mechanical device can hence
FIG. 1. Sketch of the experiment. a The experimental setup consist
of a 1064 nm Nd:YAG laser, which is split into a signal beam and a
local oscillator (LO). The signal is phase modulated with an electro-
optical modulator (EOM) for Pound-Drever-Hall locking of the opto-
mechanical cavity. In order to read-out the phase of the signal beam
acquired from the motion of the mechanical resonator, it is beaten
with a strong local oscillator (LO) on a beamsplitter and detected on
two photodiodes. The phase φ between the LO and the signal is sta-
bilised with the help of a mirror mounted on a piezo-ceramic actuator
in order to only detect the phase quadrature of the signal field. The
opto-mechanical cavity is kept at a pressure of< 10−3 mbar to avoid
residual-gas damping of the mechanical motion. b Scanning electron
microscope picture of the tested device.
be seen as an ultra-sensitive black box measuring the spectral
density.
We demonstrate our analysis on a micro-mechanical res-
onator as shown in Figure 1b. The device consists of a 1 µm
thick layer of Si3N4 and is 150 µm long and 50 µm wide.
The 50 µm diameter, high-reflectivity (R > 99.991%) mirror
pad in its centre allows to use this resonator as a mechani-
cally moving end mirror in a Fabry-Pe´rot cavity, as has been
fabricated to explore the regime of cavity opto-mechanical
coupling [36, 37] (for details on the fabrication process see
Ref. [38]). In our case, the cavity finesse is intentionally kept
low at F = 2300 by choosing a high-transmittivity input mir-
ror for this experiment. This results in an amplitude cavity
decay rate of κ = 1.3 MHz (cavity length: 25 mm). By using
a signal beam of 100 µW, we realise a sufficiently weak opto-
mechanical coupling g kHz  κ, such that the cavity field
phase quadrature adiabatically follows the mechanical motion
and hence δY out is a reliable measure of q. The fundamen-
tal mechanical resonance frequency is Ω = 2pi × 914 kHz,
with a mechanical quality Q-factor of approximately 215 at
room temperature. Optical homodyne detection of the out-
going cavity field finally yields the temporal phase quadra-
ture fluctuations δY out(t), which are digitised to calculate the
noise power spectrum SδY out(ω) (see Fig. 1a). All experi-
ments have been performed in vacuum (background pressure
< 10−3 mbar) to prevent the influence of fluidic damping.
At the mentioned parameters for our experiment we achieve
a displacement sensitivity of approx. 3× 10−15m/√Hz as is
shown in Fig. 2. To exclude the possible influence of spurious
background noise we have also characterised the noise power
spectrum of the cavity field without a mechanical resonator.
In our configuration this is possible due to the specific design
3of the chip comprising the micro-mechanical device, which
holds several non-suspended mirror pads which can be ac-
cessed by translating the chip. The resulting noise power spec-
trum is flat and hence cavity noise cannot contribute to any
non-Brownian spectral signal (see Fig. 2). Another possible
spectral dependence could arise from the presence of higher-
order mechanical modes, which are not taken into account in
Eq. (4). A finite element analysis of our mechanical system
reveals the next mechanical mode at Ω(1) = 2pi × 1.2 MHz.
As can be seen from Fig. 2, the spectral overlap in the vicinity
of Ω is many orders of magnitude below the measured signal
and hence negligible.
C. Spectral densities and non-Markovian dynamics
After characterising the resonator, the final task to perform
bath spectroscopy now reduces to assessing the statistical sig-
nificance of a single assumption: namely that the spectral den-
sity is locally, i.e. in the vicinity of an estimate of Ω, well
described by
I(ω) = Cωk, (5)
for some C > 0 and k ∈ R, for ω ∈ [ωmin, ωmax]. A value
of k = 1 corresponds to an Ohmic environment, k > 1 to a
supra-Ohmic, and k < 1 to a sub-Ohmic environment. This
is the common classification of spectral densities [26]. For a
slowly varying spectral density, however, what largely deter-
mines the long time dynamics is the slope of the spectral den-
sity in the vicinity of Ω. Indeed, for this analysis to be valid,
we do not have to make a global model for the spectral den-
sity – information that is experimentally inaccessible anyway
– but merely for the local frequency dependence. We accom-
pany this analysis with an analytical assessment in notes 2 and
3 of the supplementary material.
The starting point of this analysis is Eq. (4). From the
homodyne measurement, samples of statistically independent
subsets of time series are formed, and data sets are obtained
as Fourier transforms thereof. For each of these independently
distributed Fourier transforms, one identifies the optimal k in
Eq. (4) with I(ω) = Cωk that minimises the least square devi-
ation within a suitable frequency interval [ωmin, ωmax] centred
around Ω. Here ωmin = 885 kHz and ωmax = 945 kHz are
chosen, but the results are largely independent of that choice.
Interestingly, it is the comparably low mechanical Q-factor
that allows for the assessment of a relatively large frequency
interval. For each individual data set, several different values
of the power k are compatible with the data, which is an un-
surprising finding in the light of the presence of noise in the
data. Given the large data set that is available, however, one
can arrive at an estimate of the optimal coefficient k with large
statistical significance.
The main experimental result is shown in Fig. 3 (see also
note 6 of the supplementary material). The histogram over all
optimal power estimates yields k = −2.30± 1.05, which is a
clear deviation from k = 1 for a locally Ohmic bath density,
hence signifying a remarkably strong departure from Marko-
vianity. It is well known that an Ohmic spectral density leads
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FIG. 2. Noise power spectra. Depicted are the spectra obtained
with the mechanics being part of the setup (black) (with a fit in red),
with no mechanics (yellow), with no cavity (blue), a spectrum re-
flecting a sub-Ohmic spectral density I(ω) ∝ ω−2 (turquoise), the
simulated sum (red dashed) and the simulated modes (green dotted).
In our simulation we have assumed the mechanical Qs of the higher
order modes to be similar to the fundamental mode, which is in good
agreement with typical experimental values. Note that for clarity the
measurements of the additional noise (yellow and blue) are not to
scale.
in the weak coupling and high temperature regimes to Marko-
vian dynamics [27, 34]. To further strengthen our analysis, we
further make this link quantitative: We show that a deviation
from a local Ohmic spectral density – which is precisely what
is observed – leads to quantifiable non-Markovian dynamics.
D. Quantifying non-Markovian harmonic dynamics
Formally, open systems dynamics is precisely Markovian
if the time evolution is captured by ρ˙(t) = L(ρ(t)), with L
being a Liouvillian. In order for it to give rise to a valid quan-
tum channel and hence to quantum dynamics, it has to take
the so-called Lindblad form,
L(ρ) =
∑
j
(
LjρL
†
j −
1
2
{L†jLj , ρ}
)
. (6)
Obviously, any conceivable dynamics that is not generated by
Hamiltonian evolution will only be approximately Markovian.
This approximation can, however, be exceedingly good. The
channels resulting from Markovian dynamics are infinitely di-
visible [29, 39]. For harmonic systems, the exact master equa-
tion governing time evolution is of the form
ρ˙(t) =− i [HR(t), ρ]− iγ(t) [x, {p, ρ(t)}] (7)
−MDpp(t) [x, [x, ρ(t)]]−Dxp(t) [x, [p, ρ(t)]] ,
with a time-dependent Hamiltonian HR and time-dependent
coefficients Dxx, Dpp, and Dx,p [26, 27, 34]. Note the ab-
4FIG. 3. Estimated coefficients. Depicted is the histogram of best es-
timated coefficients k in the local approximation within [ωmin, ωmax]
of the spectral density by I(ω) = Cωk, showing a statistically sig-
nificant deviation from the Ohmic situation of k = 1.
sence of a memory kernel when written in this form, which is
implicit in the coefficients.
There are several closely related meaningful ways to quan-
tify Markovianity of a process [29–31], all essentially deriv-
ing from infinite divisibility of the dynamical map (physi-
cally originating from short bath correlation times). In pre-
cisely this spirit, we capture non-Markovianity by the extent
to which the right hand side of Eq. (7) deviates from a valid
Lindblad generator (a rigorous treatment is presented in note
3 in the supplementary material). The measure taken is
ξ : = min
{
0, lim
t→∞
−λmin(Ξ(t))
‖Ξ(t)‖
}
, (8)
Ξ(t) =
(
2MDpp(t) Dxp(t) + iγ(t)
Dxp(t)− iγ(t) 0
)
. (9)
For an Ohmic spectral density with high frequency cutoff we
find that Dxp(∞) is very close to zero; in fact ξ is of the order
of 10−15 for all other parameters chosen as in the experiment.
However, our result for the slope at I(Ω) gives a lower bound
of ξ > 1.1× 10−6. This shows that the dynamics sharply de-
viates from a Markovian one. In other words, our analysis un-
ambiguously shows that the heat bath of the micro-mechanical
oscillator is not consistent with Markovian damping of a quan-
tum harmonic oscillator in the high temperature limit.
III. DISCUSSION
While we do not expect effects of finite-dimensional bath
components resulting, e.g., from two-level fluctuators, to mea-
surably influence the result [40–42], we cannot rigorously ex-
clude such contributions. We can yet strictly and unambigu-
ously falsify the common assumption of a harmonic Ohmic
heat bath. Our specific situation is rather described by highly
sub-Ohmic damping. We strongly emphasise that our analysis
does not rely on any assumption about the resonator geome-
try. We may, however, still speculate as to why this strongly
sub-Ohmic damping is being found. It seems plausible that
the specific geometry of the slab used contributes to this non-
orthodox decoherence. Indeed, sub-Ohmic spectral densities
have been computed in a phononic mode analysis of low-
dimensional slabs [18]. However, we also expect intrinsic de-
coherence mechanisms to be relevant.
It is known that in non-Ohmic baths the coefficients of
the master equation governing the dynamics are becoming
strongly time-dependent [26]. This means that while the
steady-state properties of a mechanical system may be modi-
fied only in a mild way – the deviations of the measured spec-
trum from Eq. (4) for Ohmic spectral densities are small –
one should expect larger deviations for predictions in time-
dependent situations [43]. It has been pointed out recently
that such non-Markovian quantum noise can significantly in-
fluence the ability to generate quantum entanglement [44]. In-
deed, intricate memory effects come into play in case of non-
Markovian dynamics, giving rise to a picture of decoherence
beyond basic rate equations.
Finally, our findings complement related research in me-
chanical engineering. It is known that damping due to in-
ternal materials losses can be vastly different from a purely
velocity dependent damping term as typically assumed for a
simple harmonic oscillator. Specific models for such non-
viscous damping, a prominent model being that of ‘struc-
tural’ or frequency-independent damping [45], have been ex-
tensively studied in the context of both gravitational wave de-
tection [45–47] and measurements of the gravitational con-
stant [48, 49], where thermal noise in the DC tail of a me-
chanical resonance poses limits on the achievable sensitivity.
In turn, while the accurate measurement of internal friction
and the analysis of their origin remains a challenging task,
broadband thermal noise measurements have become an im-
portant input for the design and engineering of high-Q micro-
and nano-mechanical resonators [50]. This is also important
for macroscopic systems such as end mirrors for optical refer-
ence cavities or gravitational wave detectors.
Our approach adds two new aspects: First, our analysis pro-
vides a direct link to ‘Markovianity’ [29–31] as a statistical
property of the environment of a quantum harmonical oscilla-
tor. Second, we exploit the enhancement of the thermal noise
in the vicinity of the mechanical resonance, instead of prob-
ing thermal noise over a broad frequency band. This provides
a local estimate of the thermal bath characteristics, which is
the relevant property for non-Brownian dynamics. In a next
step, combining this method with a sweep in resonance fre-
quency [51] could provide direct, full broadband mechanical
spectroscopy of the thermal bath spectral density, in a ‘tomo-
graphic approach’. Our system identification approach is also
model-independent, i.e., we do not make any prior assump-
tions on the underlying nature of the dissipation or on the spe-
cific shape of the thermal noise spectral density (other than
assuming harmonicity). Although the current study is per-
formed at room temperature, in the ‘classical’ regime, it can
be directly applied to other mechanical resonators that operate
close to or in the quantum regime [17, 52–54].
In summary, we have introduced a versatile method to di-
rectly probe the spectral density of the heat bath of a micro-
mechanical resonator. We demonstrate that the common as-
5sumption of Markovian Brownian motion does not hold. This
opens the way towards systematic studies of individual dis-
sipation channels such as two-level fluctuators [40, 41]. In
combination with the possibility to geometrically modify the
phonon spectrum [18, 55–58] this would allow for full reser-
voir engineering of quantum harmonic oscillators. We hope
that the present work stimulates such further experimental
analysis of unorthodox decoherence phenomena opening up
alongside technological development.
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IV. SUPPLEMENTARY MATERIAL
Supplementary note 1:
Noise-noise correlations for the damped mode
In this work, we allow for and discuss an arbitrary harmonic model for
arbitrary spectral densities of the bath, where special emphasis is put on the
weak coupling and high temperature limit, but no further assumptions are
being made. We start from the Hamiltonian of the Caldeira-Leggett-model (or
Ullersma model) for quantum Brownian motion [25, 26, 59], so the standard
quantum mechanical damped oscillator,
Hm =
p2
2m
+
1
2
mΩ2q2 +
∑
n
(
p2n
2mn
+
1
2
mnω
2
nq
2
n
)
+ q
∑
n
cnqn. (10)
At this point no assumption is made with respect to the coupling except from
it being linear. The equations of motion of the canonical coordinate of the
distinguished oscillator are given by
q¨(t) + Ω2q(t) +
2
m
∫ t
0
dsη(t− s)q(s) = f(t)
m
. (11)
In this equation, the inhomogeneity is given by
f(t) = −
∑
n
cn
(
qn(0) cos(ωnt) +
pn(0)
mn
sin(ωnt)
ωn
)
, (12)
whereas the damping kernel η is
η(s) =
d
ds
ν(s), (13)
ν(s) =
∫ ∞
0
dω
I(ω)
ω
cos(ωs), (14)
7in terms of the spectral density
I(ω) =
∑
n
δ(ω − ωn) c
2
n
2mnωn
. (15)
In the Ohmic regime, so for a spectral density linear in ω until a finite but
large cut-off frequency Λ > 0, this damping kernel is for large Λ arbitrarily
well approximated by an expression of the form
η(t) = γ(∞)mδ′(t), (16)
so Eq. (11) takes a form local in time. Returning to the general case, the exact
two-point correlation functions of the thermal force are found to be
〈f(t)f(s)〉 =
∫ ∞
−∞
eiω(t−s)
~
2
I(ω)
×
(
coth
(
~ω
2kBT
)
)
− 1
)
dω, (17)
for t, s ≥ 0, where for simplicity of notation we have extended the definition
of the spectral density to I : R→ R+ by taking I(−ω) = −I(ω).
This expression, valid in general without any approximation, can be cast
into a time-local form, albeit the dynamics being non-Markovian. For this,
one has to formulate the Green’s function G : R → R of the problem. One
arrives at a differential equation of the form
q¨(t) + Ω2(t)q(t) + γ(t)q˙(t) =
f¯(t)
m
(18)
for t ≥ 0, where now the time-dependent damping is found to be
γ(t) =
G(t)
...
G(t)− G˙(t)G¨(t)
G˙(t)2 −G(t)G¨(t) , (19)
and
Ω2(t) =
G¨(t)2 − G˙(t)...G(t)
G˙(t)2 −G(t)G¨(t) . (20)
The inhomogeneity becomes
f¯(t) =
(
∂2t + γ(t)∂t + Ω(t)
2
) ∫ t
0
G(t− s)f(s)ds. (21)
It can now be shown, and is physically plausible, that these quantities take
their asymptotic values for large times,
lim
t→∞ γ(t) = γ(∞), limt→∞Ω(t) = Ω(∞). (22)
These expressions are exact and no approximations have been made until this
point. For large times t, the expression
q¨(t) + Ω2(∞)q(t) + γ(∞)q˙(t) (23)
is arbitrarily well approximated by f¯(t)/m. In fact, the correlation func-
tion of this modified driving can readily be found by going into the Fourier
domain, with convention taken
F˜ (ω) =
∫ ∞
−∞
F (t)e−iωtdt. (24)
An evaluation of this expression reveals that the Fourier transform of the
Green’s function is given by
G˜(ω) =
1
−ω2 + 2ηˆ(ω)/m+ Ω2 , (25)
where we have defined ηˆ and analogously νˆ as
ηˆ(ω) =
∫ ∞
0
dtη(t)e−iωt. (26)
The expected two-time correlation function of f¯ is then computed to be
〈f¯(t)f¯(s)〉 =
∫ ∞
−∞
eiω(t−s)
~
2
I(ω)
(
coth
(
~ω
2kBT
)
− 1
)
× ((Ω(∞)2 − ω2)2 + γ(∞)ω2)|G˜(ω)|2dω (27)
=
∫ ∞
−∞
eiω(t−s)
~
2
I(ω)
× (Ω(∞)
2 − ω2)2 + γ(∞)ω2
(Ω2 − ω2 + 2re(ηˆ(ω))/m)2 + (2im(ηˆ(ω))/m)2
×
(
coth
(
~ω
2kBT
)
− 1
)
dω, (28)
for t, s ≥ 0. We also find in terms of ν, rather than in η,
〈f¯(t)f¯(s)〉 =
∫ ∞
−∞
(Ω(∞)2 − ω2)2 + γ2(∞)ω2
(K2 − ω2 + 2ωim(νˆ(ω))/m)2 + (2ωre(νˆ(ω))/m)2
× ~
2
I(ω)
(
coth
(
~ωβ
2
)
− 1
)
eiω(t−s)dω, (29)
where
K2 = − 2
m
ν(0) + Ω2, (30)
and β = 1/(kBT ). This is still an exact expression. The real part is now
identified to be
re(νˆ(ω)) =
piI(ω)
2ω
. (31)
The weak coupling approximation amounts to approximating
Ω(∞)2 ≈ K2, γ(∞) ≈ piI(K)
mK
, (32)
which is true if ∣∣∣∣ 2m∂ω νˆ(ω)|ω=K
∣∣∣∣ 1, (33)∣∣∣∣ 1mνˆ(K)
∣∣∣∣ K (34)
and if the imaginary part is negligible. This is the standard weak coupling
limit [27], which is the only approximation made in the discussion of quantum
Brownian motion. Note that this weak coupling limit does not require the
coupling to be so weak for the rotating wave approximation or the ‘quantum
optical limit’ (see Subsection IV) to be valid. With these approximations, one
finds that
(Ω(∞)2 − ω2)2 + γ2(∞)ω2(
K2 − ω2 + ω 2
m
im(νˆ(ω))
)2
+
(
ω 2
m
re(νˆ(ω))
)2 (35)
is extraordinarily well approximated by unity, meaning that the contribu-
tion of the spectral density to the two-time correlation function of f¯ origi-
nates only from the nominator. This is basically the reason, why in Eq. (29)
I(ω) appears only in the numerator. Within this approximation, we have that
〈f¯(t)2〉 ≈ 〈f(t)2〉 to a very good approximation.
Supplementary note 2:
Relating the spectra of the mirror and the output light
We now discuss the situation where the harmonic oscillator described
above is coupled to a laser field within an optical cavity. The vibrational
mode of a high reflective micro-mirror is modelled as a damped harmonic
oscillator as in Eq. (10). The micro-mirror together with another solid mirror
forms an optical cavity, which is driven by a laser beam. The total Hamilto-
nian of a harmonic oscillator coupled to thermal bath and laser field within a
driven optical cavity is given by
H = Hm + ~ωca†a− ~g0a†aq + i~E(a†e−iω0t − aeiω0t), (36)
where a is the annihilation operator of the optical mode, g0 = ωc/L is the
coupling constant of the mechanical to the optical mode. ωc is the resonance
8frequency of the cavity with length L and decay rate κ. Hm is the complete
Hamiltonian of the distinguished mechanical mode with its environment as in
Eq. (10).
|E| =
√
2Wκ/(~Ω), (37)
where W is the input power of the laser with frequency ω0. The Heisenberg
picture equations of motion formulated in the interaction picture with respect
to ~ω0a†a become, suppressing time dependence,
q˙ =
p
m
, (38)
p˙ = −mΩ2q −
∑
n
cnqn + ~g0a†a, (39)
a˙ = −(κ+ i∆0)a+ ig0aq + E +
√
2κain, (40)
q˙n =
pn
mn
, (41)
p˙n = −mnω2nqn − cnq, (42)
where ∆0 = ωc−ω0. In the weak-coupling limit of the previous subsection,
the equations of motion turn into
q¨ + γ(∞)q˙ + Ω(∞)2q = f¯
m
+
~g0
m
a†a, (43)
a˙ = −(κ+ i∆0)a+ ig0aq + E +
√
2κain,(44)
again suppressing time dependence. Based on these expressions, one can
proceed exactly as presented in Ref. [60], with the Ohmic bath being replaced
by this general thermal bath. In order to progress, it is helpful to make use of
dimensionless quantities,
Q =
q
l
, P =
pl
~
, l =
√
~/(mΩ(∞)) (45)
and to define G0 = g0l. Following Ref. [60], one arrives at an expression
which is for large times t, s well approximated by
〈δQ(t)δQ(s)〉 ≈
∫ ∞
−∞
dω
2pi
|χ∆eff(ω)|2 (Sth(ω) + Srp(ω,∆)) eiω(t−s),
(46)
for the deviations from the asymptotic steady state value
δQ = Q− lim
t→∞〈Q〉 = Q−
G0|αs|2
Ω(∞) , (47)
where
Sth(ω) =
piI(ω)
mΩ(∞)
(
coth
(
~ω
2kBT
)
− 1
)
, (48)
Srp(ω,∆) =
2κG20|αs|2
∆2 + κ2 + ω2 + 2∆ω
, (49)
χ∆eff(ω) = Ω(∞)
(
Ω(∞)2 + iγ(∞)ω − ω2 − 2G
2
0|αs|2∆Ω(∞)
∆2 + (κ+ iω)2
)−1
.(50)
Here, ∆ and αs are implicitly defined as
∆ = ∆0 − G
2
0|αs|2
Ω(∞) , αs = limt→∞〈a〉 =
E
κ+ i∆
. (51)
This is different from the expression in Ref. [60] in that both the thermal noise
spectrum Sth as well as the radiation pressure noise spectrum Srp are being
altered.
The final step is to include the actual measurement of the opto-mechanical
system and how the information about the motion of the mechanics can be
obtained from the measurement of the light leaking out of the cavity. As
before, this entire apparatus is assumed to be well-characterised and known,
which is a very reasonable assumption for the present experiment.
In the experiment the light leaking out of the optical cavity, referred to
as ‘signal’, is measured by homodyne detection. This means that signal is
mixed on a 50:50 beam-splitter with a second, much stronger laser beam.
This second beam has the same frequency as the light driving the cavity and
is referred to as the ‘local oscillator’. The intensities measured in both arms
are then electronically subtracted. The result is a voltage, which apart from
delta-correlated measurement noise is proportional to some general quadra-
ture of the signal, depending on the phase between the signal and the local
oscillator and is, apart from noise, proportional to the corresponding intra-
cavity quadrature. In the the parameter regime relevant here, it turns out that
the output quadrature δY out is proportional to δQ subjected to additional
noise. Hence, by measuring this quadrature of the signal, information about
the mechanical motion and therefore about the thermal bath driving the me-
chanics can be extracted.
Again following Ref. [60], one arrives in the regime that is experimentally
relevant at the expression for the spectrum of the output light measured with
quantum efficiency ζ > 0 that is very well approximated by the expression
in dimensionless units
SδY out (ω) ≈
8kBTpiζG
2
0|αs|2Ω(∞)
m~κ
I(ω)
ω ((Ω(∞)2 − ω2)2 + (γ(∞)ω)2) .
(52)
That is to say, by detecting the output light, one can immediately obtain in-
formation on the spectral density I of the unknown decohering environment.
Supplementary note 3:
Non-Markovian dynamics
For what follows, we will put properties of spectral densities into contact
with non-Markovian features of the resulting dynamics. In order to make
this link precise, we will first discuss how Markovian and non-Markovian
dynamics can be captured for harmonic systems. Generally speaking, there
are several closely related meaningful ways to quantify the non-Markovianty
of a process [29–31], all essentially deriving from infinite divisibility of the
dynamical map, the latter being defined as
ρ 7→ Tt(ρ) = ρ(t) (53)
for states ρ. The mathematical property of infinite divisibility can be inter-
preted in physical terms: Markovian dynamics is forgetful dynamics, one that
results from an interaction with a heat bath that does not keep a memory, a
property that in turn is originating from short bath correlation times. Fully
Markovian dynamics is always an abstraction, even though often, dynamics
can be Markovian to an extraordinarily good approximation. By virtue of
Lindblad’s theorem [61, 62], Markovian dynamics is reflected by a time evo-
lution governed by a master equation
d
dt
ρ(t) = L(ρ(t)), (54)
with a time-independent generator of so-called Lindblad form,
L(ρ) =
∑
j
(
LjρL
†
j −
1
2
{L†jLj , ρ}
)
. (55)
Note that in some recent treatments of Markovianity, even time dependent
equations of motion are considered Markovian – since we are interested in
the long-time limit here, this distinction is of no relevance for our purposes,
however. In the focus of attention are harmonic systems of a single mode,
coupled to a harmonic bath [63].
Starting point of the analysis is the exact master equation for quantum
Brownian motion for an arbitrary spectral density in a general environment
[26], given by
d
dt
ρ(t) =− i [HR(t), ρ(t)]− iγ(t) [x, {p, ρ(t)}]
−MDpp(t) [x, [x, ρ(t)]]−Dxp(t) [x, [p, ρ(t)]] .
The time-dependent coefficients are completely determined by the spectral
density, however in general in an extraordinarily complicated way. Note that
for harmonic systems, the non-Markovian character and the memory are im-
plicitly entirely incorporated by the time dependence of the coefficients of the
master equation, and no further memory kernel is necessary to keep general-
ity. As this equation is quadratic in the canonical coordinates, one can easily
deduce the dynamical law for the 2 × 2 real covariance matrix Γ with time
dependent entries
Γ(t) =
(
2〈x2〉(t) 〈xp+ px〉(t)
〈xp+ px〉(t) 2〈p2〉(t)
)
, (56)
9as
d
dt
Γ(t) = −h(t)Γ(t)− Γ(t)hT (t) +D(t), (57)
h(t) =
(
0 − 1
M
MΩ2r(t) 2γ(t)
)
,
D(t) =
(
0 −Dxp(t)
−Dxp(t) 2MDpp(t)
)
. (58)
One can characterise the entire interaction with the environment by a Hermi-
tian 2 × 2 matrix Γ that one can deduce from this differential equation. For
this, we represent HR(t) as the quadratic form
HR(t) =
(
x p
)
hR(t)
(
x
p
)
(59)
and define the symplectic matrix as
σ =
(
0 1
−1 0
)
. (60)
It then follows that
hT (t) = (2hR(t)− im(Ξ(t)))σ, (61)
D(t) = σT re(Ξ(t))σ. (62)
We find that the system-environment interaction is then specified by
Ξ(t) =
(
2MDpp(t) Dxp(t) + iγ(t)
Dxp(t)− iγ(t) 0
)
. (63)
The long-time dynamics is Markovian if and only if Ξ(∞) corresponds to
a master equation in Lindblad form, which in this case is equivalent with
Ξ(∞) being positive semi-definite. Hence, a meaningful measure of non-
Markovianity is – in case of long-time non-Markovian dynamics – the abso-
lute value of the smallest eigenvalue of Ξ(∞), normalised by the operator
norm of Ξ(∞). More precisely, the measure used is
ξ = min
{
0, lim
t→∞
−λmin(Ξ(t))
‖Ξ(t)‖
}
. (64)
This quantity, which is particularly transparent in this case of harmonic dy-
namics, can easily be related to other measures of non-Markovianity dis-
cussed in the literature [29–31, 63]. If ξ = 0, the dynamics is Markovian in
the long-time limit. Otherwise, it is non-Markovian, and more significantly
so the larger this quantity. As limt→∞Dpp(t) > 0, one finds the simple
expression
ξ =
(1 + µ)1/2 − 1
(1 + µ)1/2 + 1
, (65)
with
µ = lim
t→∞
D2xp(t) + γ
2(t)
M2D2pp(t)
. (66)
Since ξ is a simple monotonous function of µ, one can as well quantify non-
Markovianity of the long-time dynamics in terms of µ.
Supplementary note 4:
Relating non-Markovianity to spectral densities
In this subsection, we relate notions of non-Markovianity of dynamics
with properties of spectral densities. This link has already been rather well
established [26, 34], in that it is well known that the high-temperature Ohmic
setting corresponds to the Markovian limit to a very good approximation.
Here, in order to further strengthen the claim of the main text, we signifi-
cantly extend this link and make it more quantitative and precise: We show
how a deviation from this behaviour can be directly and quantitatively related
to non-Markovian features. That is to say, we make the link between Ohmic
spectral densities and Markovian dynamics in the above precise sense quan-
titative.
Ref. [26] presents the following simplified expressions for the coefficients
in the weak-coupling limit
δΩ2 (t) = 2
∫ t
0
dsη(s) cos (Ωs) , Ω2(t) = Ω2 + δΩ2(t), (67)
γ (t) = − 1
Ω
∫ t
0
dsη(s) sin (Ωs) , (68)
Dxp (t) =
1
Ω
∫ t
0
dsn(s) sin (Ωs) , (69)
mDpp (t) =
1
Ω
∫ t
0
dsn(s) cos (Ωs) . (70)
The noise and damping kernel (in a notation adapted to the present work) are
given by
n(s) =
∫ ∞
0
dωI(ω) coth
(
~ω
2kBT
)
cos (ωs) , (71)
η(s) =
d
ds
(∫ ∞
0
dω
I(ω)
ω
cos (ωs)
)
= −
∫ ∞
0
dωI(ω) sin (ωs) .
(72)
So far, we have merely recapitulated properties of general quantum Brow-
nian motion in the weak coupling limit. We now turn to making the link of a
deviation from the high-temperature Ohmic setting to non-Markovian dynam-
ics precise. In order to do so in a most transparent fashion, we first state the
mild and natural assumptions made on the spectral density I : R+ → R+.
We make the following assumptions:
(i) The function
ω 7→ I(ω) coth
(
~ω
2kBT
)
(73)
is in L1 ([0,∞)).
(ii) The spectral density can be approximated in a vicinity of Ω by an
affine function (or a power law), i.e., it is not rapidly oscillating.
The first assumption is necessary in order to get a well-defined noise kernel,
such that the occurring integrals are convergent. The second assumption is
required for the statistical analysis. In addition to these assumptions on the
spectral density, we will invoke the above weak coupling and a high temper-
ature approximation. Both the weak coupling as well as the high tempera-
ture approximation are valid to overwhelming accuracy for the experiment at
hand. A standard calculation shows that
lim
t→∞γ(t) = γ(∞) =
pi
2Ω
I(Ω), (74)
lim
t→∞mDpp(t) = mDpp(∞) =
pi
2Ω
I (Ω) coth
(
~Ω
2kBT
)
. (75)
The computation of lim
t→∞Dxp(t) is, however, more subtle and we will make
use of assumption (ii). We find
Dxp(t) =
1
Ω
∫ t
0
ds
(∫ ∞
0
dωI(ω) coth
(
~ω
2kBT
)
cos (ωs)
)
sin (Ωs) .
(76)
By assumption (i), we may use Fubini’s theorem to get
Dxp(t) =
1
Ω
∫ ∞
0
dωI(ω) coth
(
~ω
2kBT
)
(77)
× 1
2
{
− cos ((Ω + ω) s)
Ω + ω
∣∣t
0
− cos ((Ω− ω) s)
Ω− ω
∣∣t
0
}
=
1
2Ω
∫ ∞
0
dωI(ω) coth
(
~ω
2kBT
)(
1
Ω + ω
+
1
Ω− ω (1− cos ((Ω− ω) t))−
1
Ω + ω
cos ((Ω + ω) t)
)
.
If
ω 7→ I(ω) coth
(
~ω
2kBT
)
(78)
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is in L1 ([0,∞)), by assumption (i), then so is
I(ω) coth
(
~ω
2kBT
)
1
ω + Ω
. (79)
Therefore, for t → ∞ the last term vanishes by the Riemann-Lebesgue
Lemma. We cannot proceed similarly for the other oscillatory part because
1/x is not integrable overR+. However, as limx→∞ (1− cos(x))/x = 0
the integral is convergent and we can investigate the influence of the local be-
haviour of the spectral density around the resonance frequency. We proceed
by splitting the domain of integration into a part
UΩ = (Ω− δ,Ω + δ) (80)
close to resonance and its complement for a small δ > 0. We can then
again make use of the Riemann-Lebesgue Lemma for the oscillatory part over
R+ \ (Ω− δ,Ω + δ) =: UcΩ, to obtain
Dresxp (t) =
1
2Ω
∫ Ω+δ
Ω−δ
dωI(ω) coth
(
~ω
2kBT
)
(81)
×
{
1
Ω + ω
+
1
Ω− ω (1− cos ((Ω− ω) t))
}
, (82)
Doffxp (∞) =
∫
UcΩ
dωI(ω) coth
(
~ω
2kBT
)
1
Ω2 − ω2 . (83)
Choosing δ > 0 sufficiently small, and invoking assumption (ii), we can
approximate the spectral density around Ω by an affine function
ω 7→ I(Ω) + CkΩk−1(ω − Ω), (84)
as the local affine approximation of ω 7→ Cωk , for k ∈ R. In this
approximation, and approximating in the high temperature limit in which
coth(~ω/(2kBT )) is approximated by 2kBT/(~ω), the limit t → ∞ can
be performed. In this approximation, we get
1
2Ω
∫ Ω+δ
Ω−δ
dωI(ω) coth
(
~ω
2kBT
)(
1
Ω− ω (1− cos ((Ω− ω) t))
)
(85)
t→∞−→ I (Ω)
β~Ω2
(1− k) ln
(
Ω + δ
Ω− δ
)
.
The other contribution ofDresxp depends negligibly on the local power law and
only on the value of the spectral density at Ω itself,
1
2Ω
∫ Ω+δ
Ω−δ
dω
I(ω) coth (~ω/(2kBT ))
Ω + ω
=
I (Ω)
β~Ω2
× (86)
(
ln
(
(Ω− δ/2) (Ω + δ)
(Ω + δ/2) (Ω− δ)
)
+ kln
(
(Ω + δ/2)2
(Ω− δ/2)2
(Ω− δ)
(Ω + δ)
)
︸ ︷︷ ︸
negligible
)
.
The second term is several orders of magnitude smaller than the first for pa-
rameters similar to the ones of the present experiment, and is hence negligible.
Up to this point, the assumptions (i)-(ii) as well as the weak coupling and high
temperature limits have been invoked.
So far we have shown that the dependence on the affine function locally
approximating a power law ω 7→ Cωk , is essentially of the form Dxp =
a+ b(1− k), with
a = Doffxp (∞) +
I (Ω)
β~Ω2
ln
(
(Ω− δ/2) (Ω + δ)
(Ω + δ/2) (Ω− δ)
)
, (87)
b =
I (Ω)
β~Ω2
ln
(
Ω + δ
Ω− δ
)
. (88)
As it turns out, the only negative contribution to a comes from the term∫ ∞
Ω+δ
dωI(ω) coth
(
~ω
2kBT
)
1
Ω2 − ω2 . (89)
For values k < 0 and not too oscillatory spectral density I , one can safely
assume that a > 0. This is a very mild, but strictly speaking an additional
assumption about the spectral density being not too oscillatory outside the
relevant window UΩ.
In conclusion this shows that then
Dxp ≥ I (Ω)
β~Ω2
(1− k) ln
(
Ω + δ
Ω− δ
)
. (90)
We are finally in the position to have an expression at hand from which we
can readily read off a lower bound to ξ, the measure of non-Markovianity at
stationarity for long times t→∞, depending only on measurable quantities.
One finds that the µ that defined the measure of non-Markovianity ξ as in Eq.
(65) is bounded from below by
µ ≥ 4
pi2
(1− k)2 ln
(
Ω + δ
Ω− δ
)2
; (91)
it is straightforward to see that a bound to µ also gives rise to a bound to ξ.
This is significantly larger than zero and orders of magnitudes larger than the
value for k = 1, corresponding to the Ohmic case. In this sense, we can make
a precise and quantitative link between a local deviation from the Ohmic case
k = 1 and the resulting non-Markovian dynamics. Often, it is read in the
literature that the Ohmic case corresponds to Markovian dynamics: Here,
this connection is made quantitative.
To further strengthen this point, we make a model for a spectral density of
I(ω) =

I(Ω)
Ω
ω, ω ∈ [0,Ω− δ),
I(Ω)
Ωk
ωk, ω ∈ [Ω− δ,Ω + δ),
I(Ω)
Ω
ω, ω ∈ [Ω + δ,Λ),
0, ω ∈ [Λ,∞).
(92)
for k ∈ R, δ > 0, and cut-off frequency Λ = 107Ω. For this generic spectral
density
Dxp =
I (Ω)
β~Ω2
(1− k) ln
(
Ω + δ
Ω− δ
)
, (93)
up to a term merely logarithmically divergent in Λ which is negligibly small
for reasonable cut-off frequencies . Then, k = 1 precisely corresponds to
a negligible measure of non-Markovianity, that is, to Markovian dynamics.
Having said that, the link between spectral densities that can locally be ap-
proximated by power laws or affine functions and non-Markovian dynamics
is more generally valid, as pointed out above.
Supplementary note 5:
Impact of technical noise
Several potential sources of technical noise in our experimental setup ex-
ist that could in principle influence the frequency dependence of the observed
noise-floor and might have an impact on our experimental results. The emis-
sion from the laser itself, as well as the electro-optical modulator and the
photo-detectors could introduce excess, frequency dependent noise, which
however can easily be verified experimentally by measuring the light spec-
trum of the reflected laser field from an unlocked, far off-resonant opto-
mechanical cavity. In the frequency band of interest, the noise floor is more
than one order of magnitude below the thermal noise floor of the mechani-
cal resonator and shows negligible frequency dependence, which is reflected
in our experimental error bars. We further rule out noise from our opto-
mechanical cavity, by measuring the same cavity without a mechanical el-
ement (see Fig. 2). This is done by moving to a mirror pad on the chip that
is not released. In addition, electronic noise in our detection system plays a
negligible role.
Finally, higher order mechanical modes could influence the frequency de-
pendence of our measured noise floor. We have simulated our device and find
that these modes do not influence the noise floor in the frequency window we
are interested in any significant way. Note that any impact from higher order
modes would make the coupling to the environment more supra-Ohmic rather
than sub-Ohmic, as observed in our experiment.
Supplementary note 6:
Statistical analysis
In this section we describe the statistical analysis in more detail. We pro-
cess raw data in the form of samples from a time series {δY out(t)} obtained
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from the homodyning measurement with a 10 MHz sampling rate. From this,
m = 9, 000 batches of data are being formed, each containing n = 100.000
data points. For every such batch, the data are Fourier transformed, to get data
in the frequency domain. In this frequency domain, the mean of 100 data sets
is considered. In this way, 90 independently distributed spectra are obtained.
For each of these 90 Fourier transforms, the optimal power k in the power
law
ω 7→ Cωk (94)
is being determined by fixing an interval [ωmin, ωmax] around the renor-
malised resonance frequency Ω(∞), to minimise the mean square deviation.
For the present experiment,
ωmin = 885 kHz, (95)
ωmax = 945 kHz (96)
have been chosen. As this minimisation of the mean square deviation consti-
tutes a non-convex optimisation problem, a global simulated annealing algo-
rithm is used. Fig. 3 depicts the outcome of this analysis. Again, while for
each realisation of a spectrum several values of k are approximately compat-
ible with the data, one can estimate the optimal k with high significance from
the complete data set.
To further corroborate these findings, many variants of the above statistical
estimation have been systematically explored. Notably, several instances of
bootstrapping, involving a resampling of data, give rise to findings that are
indistinguishable from the above ones. The results are largely independent
against a different choice of the frequency window or the way batches are
being chosen. Also, the findings are not different when not the least squares
difference is being considered in the actual intensities, but the logarithms
thereof.
